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Notice:

This document was prepared by ioMosaic Corporation (ioMosaic) for public release. This docu-

ment represents ioMosaic’s best judgment in light of information available and researched prior to

the time of publication.

Opinions in this document are based in part upon data and information available in the open lit-

erature, data developed or measured by ioMosaic, and/or information obtained from ioMosaic’s

advisors and affiliates. The reader is advised that ioMosaic has not independently verified all the

data or the information contained therein. This document must be read in its entirety. The reader

understands that no assurances can be made that all liabilities have been identified. This document

does not constitute a legal opinion.

No person has been authorized by ioMosaic to provide any information or make any representation

not contained in this document. Any use the reader makes of this document, or any reliance upon or

decisions to be made based upon this document are the responsibility of the reader. ioMosaic does

not accept any responsibility for damages, if any, suffered by the reader based upon this document.
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1 INTRODUCTION 4

1 Introduction

R
eliable flow estimates are essential for the sizing and selection of process equipment including

but not limited to relief devices, process piping, and depressuring systems. In addition, reli-

able flow estimates from loss of containment scenarios can significantly influence the quality of

consequence, risk analysis, and facility siting studies as well.

Existing methods for the calculation of flow rates

range from those for simple, non-reacting, single

phase, steady state flow to methods for dynamic,

multiphase, reacting flows. Ideal nozzle flow cal-

culation methods are heavily used in relief systems

and risk analysis studies and are detailed in nu-

merous standards and industry guidelines includ-

ing the International Organization for Standardiza-

tion (ISO), the American Society of Mechanical En-

gineers (ASME), the American Institute of Chem-

ical Engineers (AIChE) Center for Chemical Pro-

cess Safety (CCPS) and Design Institute for Emer-

gency Relief Systems (DIERS), and the American

Petroleum Institute (API).

Relief systems studies often include different types of flows such as non-equilibrium, subcooled,

liquid, vapor, twophase, supercritical, and retrograde and phase change (RPC) flows [1, 2]. Flow

estimates can be influenced by vapor quality, the presence of solids, slip, viscosity, chemical re-

actions, piping and fittings losses and geometry, chemical composition, temperature, pressure, etc.

In addition to flow rates, reliable flow methods are expected to yield reliable estimates for reac-

tion forces, location of choke points, sound power levels, exit temperatures and pressures, exit

compositions and vapor quality, twophase flow regimes, etc.

We explore in this document the origins of ideal nozzle flow methods for single and multiphase

flow including ∆h, direct vdP integration (
∫
vdP ), simple reduced analytical models, and complex

reduced analytical models. We also explore the advantages and disadvantages of those methods

for simple and complex flow systems.

2 The Thermodynamics of Nozzle Flow

The origin of all ideal nozzle flow methods can be traced back to the first law of thermodynamics or

conservation of energy. Let’s consider a vessel containing a multiphase mixture that is exchanging

mass and energy with its surroundings. If we define our thermodynamic system to include all the

vessel contents, we can write the first law of thermodynamics as follows:

d

dt
(me) = ṁin

(

hin +
u2

in

2
+ gzin

)

− ṁout

(

hout +
u2

out

2
+ gzout

)

+
dq

dt
− dw

dt
(1)
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3 GENERALIZED NOZZLE FLOW SOLUTIONS 5

where t is time, e is the specific internal energy of the vessel contents, h is the specific enthalpy,m
is vessel contents mass, ṁ is the mass flow rate, z is elevation, g is the gravitational constant, q is

the heating rate gained by the vessel contents from the surroundings, and w is the work performed

by the vessel contents on the surroundings.

At steady state, we can also express Equation 1 in differential form:

dh+ gdz + udu = dq − dw (2)

If we ignore elevation changes and energy exchange with the surroundings, Equation 2 becomes:

dh+ udu = 0 or

∫ he

ho

dh+

∫ ue

uo

udu = 0 or ue =
√

2 (ho − he) + u2
o (3)

where o represents inlet conditions, and e represents exit conditions. Equation 3 is the primary

source of all nozzle flow equations. It is often expressed in a form that yields the flow exit velocity,

ue or mass flux, Ge:

ue =
√

2∆h+ u2
o or Ge = ρe

√

2∆h+ u2
o where ∆h = ho − he (4)

We note that Equation 4 includes the entrance velocity to the thermodynamic system. For a vessel,

uo is normally set to 0. However, performing a nozzle calculation for a nozzle located downstream

from a vessel will require the approach or inlet velocity uo or the use of stagnation specific enthalpy

ho + 1
2
u2

o.

In order for Equation 4 to yield the mass flow rate and exit conditions, a thermodynamic path

needs to be selected first. Then the exit pressure needs to be selected such that the calculated mass

flux,Ge is maximized. Normally, an isentropic (constant entropy) thermodynamic path is selected.

The specific enthalpy values require the use of an equation of state. The specific enthalpy used in

Equation 4 can be expressed to include multiphase mixtures.

3 Generalized Nozzle Flow Solutions

Generalized nozzle flow solvers calculate the mass flux and exit conditions using the following

steps:

1. Calculate ho at To and Po using an equation of state. If the starting conditions include

multiple phases, then ho is calculated based on the contributions of each phase.

2. Select a pressure step, ∆P

3. Set Pe to Po −∆P . Pe will be bounded between the surroundings pressure or backpressure,

Pb and the starting pressure, Po.

4. Calculate the exit temperature Te and the phase split at the exit conditions Te and Pe such that

the thermodynamic constraint or path is satisfied, normally isentropic, or ∆s = so − se = 0.
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4 NOZZLE FLOW THERMODYNAMIC EFFICIENCY 6

5. Calculate the mass flux Ge from Equation 4.

6. If the maximum value of Ge is not reached, i.e. Ge is still increasing, go back to step 3. If

Pe is equal to Pb, then the flow is subsonic, stop. If Ge is less then the value calculated in the

previous step, decrease the pressure step size until a certain pressure tolerance is achieved.

Once ∆P is small enough, Pe is reached and is the choke point or the pressure at which

sonic flow is achieved.

Equation 4 is suitable for all types of flow including flashing flows and RPC flows. However, high

accuracy estimates of specific enthalpies and phase splits are required. These accuracies cannot

be achieved without accurate numerical evaluations, i.e. table lookups for enthalpies and vapor

quality may not work well for multiphase flow estimates.

Equation 4 is usually expressed in terms of mass flow rate by multiplying the mass flux Ge by a

nozzle flow area, Ae.

dmout

dt
= ṁout = AeGe (5)

The flow through a well rounded converging nozzle can approach that of an ideal nozzle where

irrecoverable pressure losses are negligible. A converging nozzle can produce substantial kinetic

energy, especially for high velocity gas flow. Even well rounded nozzles are not perfectly ideal.

As a result, the mass flux Ge is also multiplied by a flow discharge coefficient, Cd, to account for

the thermodynamic efficiency reduction of the nozzle.

dmout

dt
= ṁout = AeGeCd (6)

4 Nozzle Flow Thermodynamic Efficiency

The use of a discharge coefficient for a converging nozzle flow is a representation of the thermo-

dynamic efficiency of the nozzle:

ηc,s =
ho − he

ho − he,s

(7)

Cd =
Ge

Ge,s

=
ρeue

ρe,sue,s

=
ρe

ρe,s

√

2ηc (ho − he,s)
√

2 (ho − he,s)
(8)

Cd =
ρe

ρe,s

√
ηc,s '

√
ηc,s or ηc,s ' C2

d ' u2
e

u2
e,s

(9)

where ηc,s is the thermodynamic efficiency or isentropic efficiency. A nozzle with a discharge

coefficient of 0.975 is equivalent to a nozzle with approximately 95 % thermodynamic efficiency.
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5 IDEAL GAS NOZZLE FLOW 7

For a diverging nozzle, the thermodynamic efficiency is calculated similarly and the final exit state

will have a positive entropy change such that:

ho − he = ηd,s (ho − he,s) (10)

ηd,s =
ho − he

ho − he,s
(11)

where ho is the specific enthalpy of the fluid at the inlet of the diverging nozzle and he is the

specific enthalpy at the exit of the diverging nozzle.

5 Ideal Gas Nozzle Flow

Even with high speed computing and the availability of several useful and accurate equations of

state, many engineers still rely on a constant γ ideal gas equation of state for fluid flow. This is

used for example when calculating the hydraulics of flare headers at low pressure and one dimen-

sional gas flow dynamics. A constant value of γ is used to define the equation of state and all the

associated thermodynamic properties:

γ =
Cp

Cv
=

Cp

Cp −Rg
or Cp = Rg

γ

γ − 1
(12)

where Rg is ideal gas constant, Cp is the molar ideal gas heat capacity at constant pressure, Cv is

the molar ideal gas heat capacity at constant volume, and γ is the ideal gas heat capacity ratio. For

an ideal gas, the pressure, specific enthalpy, and specific internal energy can be calculated using

the following expressions:

P = ρe (γ − 1) =
ρRgT

Mw
(13)

e =
P

ρ (γ − 1)
=

RgT

Mw (γ − 1)
=

c2s
γ (γ − 1)

(14)

h = e+
P

ρ
=
P

ρ

(
γ

γ − 1

)

=
RgT

Mw

(
γ

γ − 1

)

=
c2s

(γ − 1)
(15)

where P is the static pressure, T is the static temperature, and Mw is the average molecular weight.

It can be shown that the speed of sound under isentropic conditions, cs, is equal to:

c2s =
γRgT

Mw
=

[
∂P

∂ρ

]

s

=
1

ρκs
where κs =

1

γP
=
κT

γ
(16)

where κ is the isothermal compressibility. It can also be shown that for sonic flow to occur under

isothermal conditions, the speed of sound, cT , is equal to:

c2T =
RgT

Mw
=

[
∂P

∂ρ

]

T

=
1

ρκT
where κT =

1

P
(17)
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5 IDEAL GAS NOZZLE FLOW 8

If we assume ideal gas behavior, we can calculate the mass flux and flow exit conditions under

constant entropy and upstream enthalpy conditions using the nozzle flow equations developed

earlier:

ρe = ρo

(
Pe

Po

) 1

γ

(18)

Te = To

(
Pe

Po

) γ−1

γ

(19)

ue =

√
√
√
√u2

o + 2

(
γ

γ − 1

)(
Po

ρo

)[

1 −
(
Pe

Po

) γ−1

γ

]

(20)

Ge = ρeue =

√
√
√
√
√
√
√

u2
oρ

2
o

(
Pe

Po

) 2

γ

︸ ︷︷ ︸

u2
oρ2

e

+2

(
γ

γ − 1

)

(Poρo)

[(
Pe

Po

) 2

γ

−
(
Pe

Po

) 1+γ

γ

]

︸ ︷︷ ︸

2ρ2
e(ho−he)

(21)

(22)

Note that the mass flux is expressed as a function of upstream conditions and exit pressure Pe only.

There exists a unique value of Pe that leads to a maximum in mass flux as illustrated in Figure 1.

The exit pressure at which the mass flux is maximized in Figure 1 is 4.84 barg with a corresponding

mass flux of approximately 2200 kg/m2/s.

It can be shown that the mass flux is always maximized at critical value of Pe. Where Pe is greater

than the ambient back pressure, Pb, the flow is choked or sonic:

Pe = Po

(
2

γ + 1

) γ
γ−1

≥ Pb (23)

Te = To

(
2

γ + 1

)

(24)

where Pb is the ambient back pressure and Pe is the critical flow pressure. Under these conditions

the mass flux is not influenced by the ambient back pressure up to Pe and the flow is said to be

choked or sonic. The value of Pe/Po from Equation 23 can be substituted in Equation 21 to yield

the maximum mass flux without trial and error. If Pe = Pb then the flow is said to be unchoked or

subsonic and the maximum mass flux is obtained by substituting Pe in Equation 21 with Pb.

Choked flow for ideal gases is only possible if the upstream pressure Po is approximately two times

the value of the back pressure, or Pe/Po ' 0.55. For the specific case of nitrogen flow illustrated

c©ioMosaic Corporation Revision 1 January 12, 2023



5 IDEAL GAS NOZZLE FLOW 9

Figure 1: Mass flux vs. exit pressure for nitrogen. To = 100 ◦C, Po = 10 barg, uo = 0 m/s

Source: SuperChems Expert

in Figure 1:

ρo =
PoMw

RgTo
=

11 × 105 × 28

8314 × 373
= 9.932 kg/m3 (25)

γ =
Cp

Cv
= 1.4 (26)

Pe

Po
=

(
2

γ + 1

) γ
γ−1

=

(
2

1.4 + 1

) 1.4
1.4−1

=

(
2

2.4

)3.5

= 0.528 (27)

Ge =

√

0 + 2 × 1.4

1.4 − 1
× 11 × 105 × 9.932

[

0.528
2

1.4 − 0.528
2.4
1.4

]

(28)

=
√

2 × 3.5 × 10925200 × [0.40157 − 0.33459] = 2263.18 kg/m2/s (29)

The mass flow rate can be calculated directly from the mass flux and nozzle flow area. A discharge

coefficient is typically used to account for the irreversible flow losses caused by the nozzle entrance

shape. A well rounded nozzle discharge coefficientCd will approach a value of one, typically 0.95.

If the upstream velocity is zero and the flow is subsonic:

dmout

dt
= CdAe

√
√
√
√2Poρo

(
γ

γ − 1

)[(
Pb

Po

)2/γ

−
(
Pb

Po

) γ+1

γ

]

(30)
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6 VDP INTEGRATION 10

Under choked flow conditions, the mass flow rate is calculated from a simplified form of Equa-

tion 21 which incorporates the critical pressure ratio Pe/Po from Equation 23:

dmout

dt
= CdAe

√

γPoρo

(
2

γ + 1

) γ+1

γ−1

(31)

6 vdP Integration

Another popular and robust form of Equation 4 involves vdP integration. This form is less prone

to errors associated with phase change and vapor quality for multiphase flow. The enthalpy change,

dh, can be related to specific volume and entropy:

dh = Tds+ vdP = Tds+
dP

ρ
(32)

For isentropic flow, ds = 0, and the dh term can be replaced with vdP or dP
ρ

. As a result:

Ge = ρe

√

2

∫ Po

Pe

vdP + u2
o = ρe

√

2

∫ Po

Pe

1

ρ
dP + u2

o (33)

For liquid flow with a constant liquid density or liquid specific volume, Equation 33 can be reduced

to the well known Bernoulli flow equation:

Ge = ρ

√
2

ρ
(Po − Pe) + u2

o =
√

2ρ(Po − Pe) + ρu2
o (34)

or

dmout

dt
= ṁout = AeGeCd = AeCd

√

2ρ(Po − Pe) + ρu2
o (35)

We note from Equation 33 that
∫
vdP can be easily evaluated without the use of complex equations

of state if we can provide a simple expression of how v or ρ changes with pressure using a specific

thermodynamic path.

This observation is what sparked the development of the omega method and later developments

of reduced analytical models. Essentially, the omega method and reduced analytical models are

simplified equations of state that are only valid for a specific pressure range and for a specific

thermodynamic path temperature range.
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7 TWOPHASE FLOW IMPLICATIONS 11

7 Twophase Flow Implications

A variety of scenarios can lead to twophase flow under relief conditions including but not limited

to, (a) poor vapor/liquid disengagement geometries, (b) foamy and/or viscous fluids, (c) liquid

swell due to bubbles generation and/or runaway reactions, (d) fluid expansion due to heating, (e)

high superficial vapor velocity (oversized relief device), (f) entrainment due to gas sparging, and/or

(g) condensation in the relief discharge line.

It is preferred to eliminate or to significantly reduce the likelihood of twophase flow. Twophase

flow can lead to high potential toxicity, thermal, and overpressure hazard footprints from discharges

to atmosphere. As a result, additional vent containment and flow separation may be required to

manage or reduce the risks of twophase flow. This is particularly challenging because energy

tempering does not occur for homogeneous twophase flow during twophase relief. Twophase flow

often leads to large relief requirements and large relief devices. Large relief requirements may

make it impractical to to use a relief device as the only means of safeguarding.

Extensive information is required for pressure relief systems design/evaluation including but not

limited to, (a) flow type including non-equilibrium, subcooled, liquid, twophase, supercritical, and

vapor, (b) piping and fittings inlet pressure loss (relief device performance), (c) piping and fittings

backpressure (relief device performance), (d) discharge mass flow rate, quality, composition, tem-

perature, and pressure, slip ratio, (e) location of choke points and reaction forces, (f) slug formation

and piping vibration risks, and (g) thermodynamic, physical, and transport properties.

Methods for calculating twophase flow are therefore complex and can be time consuming when

evaluating a large number of relief scenarios, especially for systems involving runaway reactions,

or systems containing a large number of chemicals. This is one of the main reasons for why

numerous publications focused on the development of simplified methods for the estimation of

twophase flow have appeared in the open literature over the last several decades.

A simple method that is widely used is the omega method.

8 The Omega Method

Instead of using a detailed equation of state to represent the PvT and phase equilibrium behavior

of pure components and/or mixtures, a simple two-parameter equation of state (reduced analyt-

ical model) is used with two adjustable parameters, a and b. The a and b parameters are re-

gressed/calculated from a best fit of either isentropic or isenthalpic equilibrium flash calculations:

ρo

ρ
− 1 = a

(
Po

P
− 1

)

+ b

(
Po

P
− 1

)2

(36)

The parameters a and b are obtained by fitting the volumetric expansion behavior using two or more

flash equilibrium calculations at pressures lower than the stagnation conditions. This approach

may not work well for mixtures with wide boiling point differences such as heavy hydrocarbon

mixtures containing hydrogen, for example. The same concept can be extended to pipe flow using

homogeneous equilibrium (no slip between the liquid and vapor phases).
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8 THE OMEGA METHOD 12

Leung’s [3] simplification of the two-parameter equation (Equation 36), “the omega method”, was

introduced in several publications with an overall summary paper published in Chemical Engineer-

ing Progress in December of 1996 [4]. Leung uses Equation 36 with b = 0 and a = ω:

ρo

ρ
− 1 = ω

(
Po

P
− 1

)

(37)

This simplification leads to a generalized form for mass flux for nozzle flow using the ω pres-

sure/volume relationship as defined in Equation 37:

Ge√
Poρo

=

√

−2
[

ω ln
(

Pe

Po

)

+ (ω − 1)
(

1 − Pe

Po

)]

1 + ω
(

Po

Pe
− 1
) (38)

This equation can be evaluated for different ratios of Pe/Po to find the point at which Ge is max-

imum where Pe ranges from the stagnation conditions to whatever back pressure, Pb, is imposed

on the flow system. The critical pressure ratio can also be solved for by setting the first derivative

of Ge with respect to pressure to 0. This is illustrated in Figure 2.

Figure 2: The omega method for estimation of twophase mass flux and critical pressure ratio.

Taken from Chemical Engineering Progress [4]
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Simpson [5] developed an approximation of the solution for Pe/Po that will maximize Ge as a

function of ω:

Pe

Po
'

[
1 +

(
1.0446 − 0.0093431ω0.5

)
ω−0.56261

](0.014685ln(ω)−0.70356)
(39)

The value of ω ranges from 0 for all liquid flow, 1 for all vapor/gas flow, greater than 1 for flashing

flow and between 0 and 1 for non-flashing flow. The ω method is simple to evaluate for systems

involving pure components and is of limited use for systems involving mixtures with wide boiling

point differences or where composition changes are significant due to chemical reaction or large

pressure changes.

In addition, recent experimental flow data indicate that slip should be considered in the estimation

of mass flux, especially for viscous systems [6, 7]. This becomes an issue when designing down-

stream effluent handling equipment since the assumption of no slip between the liquid and the

vapor phases can lead to underestimation of the twophase mass flux and as a result an overestimate

of the required relief area.

Leung [3] provides the following expressions for ω, which depend on stagnation properties only.

Flashing systems:

ω = αo + (1 − αo)ρocpToPo

(
vv,o − vl,o

hv,o − hl,o

)2

(40)

where αo is the volumetric void fraction at stagnation conditions.

Non-flashing systems:

ω = αo (41)

Leung [3] published many variations of the omega method extending its use to pipe flow, sub-

cooled flow and for the calculation for reaction forces. We find these extensions less useful since

they cannot easily handle inlet piping and outlet piping configuration with multiple segments and

fittings. The geometry of the inlet and outlet piping becomes very important for flashing flow,

since pressure drop will lead to a location specific vapor quality change and will lead to choking at

lower mass flow rates. For flashing flow, choking is location and geometry specific [6].

9 Omega Method Advantages and Disadvantages

The omega method became popular because of its simplicity, especially for twophase flow. The

use of an analytical form to represent density as a function of pressure enabled easy and quick

estimation of twophase mass flux. Although trial and error is required to find the mass flux and

critical pressure ratio, an omega chart can be used to quickly locate the solution (see Figure 2). The
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9 OMEGA METHOD ADVANTAGES AND DISADVANTAGES 14

Table 1: Limitations on use of the omega method published in ISO 4126-10 [9]

Category Limit

Flashing flow T
Tc
< 0.9, P

Pc
< 0.5

Flashing flow for mixtures Normal boiling point range (NBP) < 100 K

Omega value 0 ≤ ω ≤ 100, at P
Po

= 0.9

Dissolved gases Do not use

Viscosity < 100 cp

Temperature rise rate dT
dt
< 2 K/s

Pressure rise rate dP
dt
< 12 bar/min

Immiscible liquids Do not use

omega method also featured the use of a limited set of physical properties at the stagnation con-

ditions. Several forms of the omega method were published to enable subcooled flow calculations

for nozzles and pipe flow.

Because of its simplicity, the omega method has many disadvantages but continues to be used de-

spite its limitations [8, 9, 10, 11, 12]. The estimation of the omega parameter for mixtures with

wide boiling point differences leads to erroneous estimation of flow rate as shown by Melhem (see

[8] and [11]). Most reaction systems involve mixtures with wide boiling point differences. Sig-

nificantly wide boiling point differences can be associated with gassy and hybrid systems. Many

reaction systems involve supercritical components as well, or include reactants that become super-

critical during the reaction process.

Multiple omega equations forms and exceptions are required to properly and broadly apply the

omega method leading to added complexity when considering non-equilibrium flow, subcooled

flow, vertical or inclined twophase flow in piping, high viscosity flow, and/or flows where multiple

chokes are possible.

Estimation of the correct omega parameter for a mix-

ture requires regression of density vs. pressure using

detailed flash calculations. At least one additional

point at Pe/Po = 0.9 is required in addition to the

stagnation conditions. Furthermore, additional flash

calculations are required to develop the omega pa-

rameter for flow estimates downstream from the noz-

zle.

As a result, one has to question the

usefulness of the omega method since

the generation of multiple flash points

can easily be used to develop a nu-

merical vdP integral instead with

many less limitations and without in-

troducing additional regression er-

rors.

The International Organization for Standardization (ISO) [9] published omega method limitations

and restrictions in “Part 10 of ISO-4126: Sizing of safety valves for gas/liquid twophase flow” as

shown in Table 1.

Guidance is not provided by ISO 4126-10 [9] on how to calculate the mixture critical pressure Pc
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10 GENERALIZED DIRECT VDP INTEGRATION 15

and mixture critical temperature Tc. A simple molar averaged value should not be used. An equa-

tion of state with adequate mixing and combining rules is required to calculate accurate mixture

critical properties.

The omega method can be used for single component flow estimates within the proposed limits.

However, the omega method should not be used for multicomponent systems and/or reaction sys-

tems unless the omega parameter is regressed from flash calculations that consider retrograde and

phase changes at a sufficient number of pressure points.

10 Generalized Direct vdP Integration

The methods outlined above for the estimation of mass flux are enthalpy based. These methods

require the use of an accurate equation of state to represent enthalpy. The mass flux is calculated

by maximizing G = ρu = ρ
√

2∆h+ u2
o as shown in Equation 4 where uo is the nozzle initial

approach velocity.

For a multicomponent mixture twophase flow through a nozzle, an isentropic thermodynamic path

is assumed and several flash computations are performed at reduced pressures to estimate twophase

density and vapor quality. Flash calculations are performed at successively lower pressures than

the source pressure until mass flux is maximized. The twophase mixture density, flash fraction,

viscosity, and slip ratio are calculated as a function of pressure. The mass flux is then obtained by

maximizing the following expression for mass flux:

Ge = ρm,t

√

−2

∫ Pt

Po

dP

ρ
+ u2

o (42)

where the subscript t refers to the throat of a relief device or flow orifice and m refers to a mixture

property. A generalized expression of Equation 42 can be written including slip at the throat [13]:

G2
e =

−2
∫ Pt

Po

[
x
ρv

+ 1−x
ρl

]

dP + u2
o

[
xt

ρv,tur,t
+ 1−xt

ρl,t

]2 [
xtu2

r,t + 1 − xt

]
(43)

where x is the vapor quality or mass fraction, ur is the slip ratio, v designates a vapor or gas

phase, and l designates a liquid phase. Direct vdP integration (Equation 42) provides significant

advantages over the omega method. One simple form is required for nozzle flow and can be

easily extended to pipe flow. This method can be applied to mixtures, reaction systems, and pure

components without limits on temperature, pressure, and composition. Direct vdP integration can

provide discharge temperature and composition data for use in downstream equipment sizing and

dispersion analysis. It can be estimated using a spreadsheet or a simple computer program where

the user is able to supply the flash calculations at multiple pressure points [8, 11, 12].
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11 NOZZLE FLOW SLIP RATIO, UR 16

The direct integration method should be used instead

of the omega method because it is simpler, consists

of one equation, has many less exceptions than the

omega method, covers a wide variety of flow types,

as well as broader temperature, pressure and compo-

sition ranges. The vdP integration is typically per-

formed using discrete pressure steps as described in

Section 2.

No one invented vdP integration. The

vdP integral shown in Equation 33

has always been there since the dec-

laration of the first law of thermody-

namics!.

11 Nozzle Flow Slip Ratio, ur

For the case where the vapor and liquid phases are traveling at different velocities, the twophase

mixture density is expressed as a function of the void fraction, α, and the slip ratio, ur = uv/ul:

ρm = αρv + (1 − α)ρl =
x+ (1 − x)ur

x
ρv

+
(

1−x
ρl

)

ur

(44)

The twophase mass flux with slip is also expressed in terms of the void fraction:

Gm = Gv +Gl = ρmum = ρvuvα+ ρlul(1 − α) =
ρvuvα

x
=
ρlul (1 − α)

1 − x
(45)

Replacing α in the above equation by:

α =
xρl

xρl + (1 − x)ρvur
=
ρm − ρl

ρv − ρl
(46)

leads to the following expression for Gm:

Gm =

[
x

ρvuv
+

1 − x

ρlul

]−1

(47)

Assuming an isentropic thermodynamic path to calculate the flash fraction, the energy equation

yields the following expression for phase velocities:

xu2
v + (1 − x)u2

l = 2∆h = 2 [ho − xhe,v − (1 − x)he,l] (48)

We seek to maximize the twophase mass flux as a function of the slip ratio, i.e.:

dGm

dur
= 0 (49)

c©ioMosaic Corporation Revision 1 January 12, 2023



12 SIMPLE REDUCED ANALYTICAL MODELS 17

Since ∆h and x are constants at the specified thermodynamic path, we will differentiate a mathe-

matically simpler expression instead:

d

dur

[
2∆h

G2
m

]

= 0 (50)

where:

2∆h

G2
m

=
[
xu2

r + 1 − x
]
[
x

ρvur
+

1 − x

ρl

]2

=
1

ρ2
m,t

(51)

where the subscript t refers to the throat of a nozzle or a relief device. Setting the derivative of the

above expression to 0 yields the following expression:

x(1 − x)

[
ur

ρl

− 1

u2
rρv

][
x

ρvur

+
1 − x

ρl

]

= 0 (52)

The only nontrivial solution to this equation is:

ur

ρl
− 1

u2
rρv

= 0 (53)

or

ur =

(
ρl

ρg

)1/3

(54)

Equation 54 is often referred to in the literature as Moody slip. It can also be shown that ur =
(

ρl

ρg

)1/2

when the momentum balance is used instead of the energy balance. This is referred to in

the literature as Fauske slip.

It is interesting to note that Equation 43 implies a throat twophase density that is different from the

twophase density expression shown in Equation 44 when the slip ratio is greater than 1:

ρm,t =
1

[
xt

ρv,tur,t
+ 1−xt

ρl,t

]√[
xtu2

r,t + 1 − xt

] (55)

or

ρEq44

ρEq55

=

[
x+ ur − urx

ur

]
√

xu2
r + 1 − x (56)
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12 SIMPLE REDUCED ANALYTICAL MODELS 18

Table 2: Twophase Reduced Analytical Models

Model Points Empirical Model Equation

A and ω 2 v
vA

− 1 = α
(

PA

P
− 1
)

B 3 v
vA

− 1 = α
(

PA

P
− 1
)β

C 3 v
vA

− 1 = α
([

PA

P

]β − 1
)

D 3 v
vA

− 1 = α
(

PA

P
− 1
)

+ β
(

PA

P
− 1
)2

E 2 x = a0 + a1P
1
vg

= b0P
b1

1
vf

= c0 + c1P

F 3 x = a0 + a1P + a2P
2

vg

vgA
− 1 = b0

[(
PA

P

)b1 − 1
]

1
vf

= c0 + c1P + c2P
2

The two phase specific volume is: v = xvg +(1−x)vf . Equations are fit at an upstream saturated condition

PA and possibly a second point PB and even a third PC point. Note that g indicates gas phase, f indicates

liquid phase, and x vapor quality or mass fraction vapor.

12 Simple Reduced Analytical Models

A simple reduced analytical model (see Simpson [13]) can be established where a twophase den-

sity form is fit as a function of pressure as shown in Table 2. These reduced analytical forms employ

typically one, two, or three parameters. It is important to note that while reduced analytical density

models integration methods yield a very good estimate of mass flux for pure components they may

not provide an accurate estimate of critical flow (choked flow) pressure, temperature, and vapor

quality at the exit conditions (see Melhem [8, 11, 12]).

Melhem [8, 11, 12] showed that mass flux estimates for mixtures with wide boiling point ranges

can be significantly underestimated. As a result, reduced analytical models are not recommended

for mixtures with wide boiling point differences or reacting mixtures. In addition, for flows in

piping systems involving relief devices and/or flow area changes such as reduction and expansion,

reduced analytical density models must be fit for the inlet line (high pressure) and the discharge

line (low pressure) in order to produce reasonable estimates of mass flux.

Simpson [13] also extended the use of these reduced analytical models to twophase pipe flow using

empirical equations fitting viscosity as a function of pressure.

13 Complex Reduced Analytical Models

The use of reduced analytical density (PvT ) models for nozzle flow mass flux integration can

provide some advantages when dealing with mixtures containing a large number of components.
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13 COMPLEX REDUCED ANALYTICAL MODELS 19

Reasonable estimates of flow rates and choke points can be achieved with a significant reduction

in computational time, especially for extensive dynamic simulations.

SuperChems Expert uses multiple series of reduced analytical models regressed from detailed flash

calculations for separated flows. The multiple series of reduced analytical models significantly

reduces the computational time for 1D and 2D fluid dynamics simulation where the computational

domains are divided into hundreds or thousands of computational nodes.

We consider two models proposed by Simpson [13] for homogeneous and separated flows:

Homogeneous Flow:

vm

vo

=
ρo

ρm

= 1 + a

[(
Po

P

)b

− 1

]

(57)

Tm

To

= 1 + a
′

[(
P

Po

)b
′

− 1

]

(58)

Separated Flow:

vg

vg,o
=

ρg,o

ρg
= 1 + a

[(
Po

P

)b

− 1

]

(59)

Tg

Tg,o
= 1 + a

′

[(
P

Po

)b
′

− 1

]

(60)

1

vl
= ρl = c0 + c1P + c2P

2 (61)

Homogeneous and Separated Flows:

v =
1

ρ
(62)

vm = xvg + (1 − x) vl (63)

x = a0 + a1P + a2P
2 (64)

µm = αµg + (1 − α)µl = d0 + d1P + d2P
2 (65)

α =
ρm − ρl

ρg − ρl
=

xρl

xρl + (1 − x) ρgS
(66)

S = ζ

(
ρl

ρg

)η

(67)

ζ is typically 1.0 and η ranges from 1/3 to 1/2 for slip flow and equals 0 for constant slip or ho-

mogeneous flow. x is the mass fraction of vapor, v is the fluid specific volume, ρ is the fluid mass

density, α is the flowing vapor void fraction with slip where applicable, µ is the fluid viscosity. The

subscript o designates initial source conditions, l designates liquid,m designates mixture, g desig-

nates vapor or gas, and t designates the nozzle throat. a, b, c and d are parameters that are regressed
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13 COMPLEX REDUCED ANALYTICAL MODELS 20

to represent mixture final conditions, typically at 0.75Po, 0.5Po, and ambient pressure. An isen-

tropic thermodynamic path is often selected, although other paths such as isenthalpic, isothermal,

and/or constant volume can be selected as well.

Integrating vm(P ) from the source pressure Po to a nozzle throat pressure Pt can be performed

analytically to yield:

∫ Pt

Po

vmdP = Ptvo

[

1 − a−
(

a

b− 1

)(
Po

Pt

)b
]

− Povo

[

1 − a− a

b− 1

]

where b 6= 1 (68)

= vo (1 − a) (Pt − Po) + voaPo ln

(
Pt

Po

)

where b = 1 (69)

In addition, an implicit speed of sound estimate can be obtained analytically as well at any value

of nozzle throat pressure:

cs =

√
(
∂P

∂ρ

)

s

=
vm

vo

√
√
√
√

voPt

ab
(

Po

Pt

)b
= vm

√
√
√
√

Pt

abvo

(
Po

Pt

)b
= vm

√

P 1+b
t

abvoP b
o

(70)

For a polynomial expression of density as a function of pressure, 1
vl

= ρl = c0 + c1P + c2P
2, the

speed of sound is simply:

cs =

√
1

2Ptc2 + c1
(71)

and the mass flux is:

∫ Pt

Po

vldP =

∫ Pt

Po

1

ρl
dP =

∫ Pt

Po

dP

c0 + c1P + c2P 2
(72)

=
2√
c3

[

arctan

(
2Ptc2 + c1√

c3

)

− arctan

(
2Poc2 + c1√

c3

)]

where c3 > 0 or, (73)

=
2√−c3

[

log
2c2Pt + c1 −

√−c3
2c2Pt + c1 +

√−c3
− log

2c2Po + c1 −
√−c3

2c2Po + c1 +
√−c3

]

where c3 < 0 (74)

c3 = 4c0c2 − c21 (75)

The reduced analytical models presented above are used with the following general expression of

nozzle mass flux to locate the throat pressure that leads to a maximum value in mass flux:

G2 = ρ2
m,t

(
2∆h+ u2

o

)
=

−2
∫ Pt

Po
vmdP + u2

o
[

xt

ρg,tur,t
+

1 − xt

ρl,t

]2
[
xtu

2
r,t + 1 − xt

]

︸ ︷︷ ︸
“

1

ρm,t

”2

(76)

= 2ρ2
m,t

∫ Po

Pt

vmdP + ρ2
m,tu

2
o (77)
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13 COMPLEX REDUCED ANALYTICAL MODELS 21

where h is the fluid specific enthalpy, ur,t = ug

ul
is the slip ratio at the throat pressure and tempera-

ture conditions, and uo is the nozzle entrance velocity, typically 0 for vessel flow.

It is interesting to note that equation 57 is a single parameter ω equation when b = 1. As a result,

given a nozzle throat pressure Pt, the mass flux and speed of sound can be calculated as follows:

cs,t = vm

√

P 2
t

avoPo
(78)

G2 = −2ρ2
m

[

vo (1 − a) (Pt − Po) + voaPo ln

(
Pt

Po

)]

+ ρ2
mu

2
o (79)

For all liquid flow, a → 0. For all vapor flow, a → 1. 0 < a < 1 for non-flashing flow and a > 1
for flashing flow.

Reduced PvT models also provide an advantage when solving 1D fluid dynamics equations, es-

pecially for flow related boundary conditions. A required flow boundary condition is conservation

of stagnation enthalpy across the flow boundary:

h1 +
1

2
u2

1 = h2 +
1

2
u2

2 (80)

h1 − h2 =
1

2

(
u2

2 − u2
1

)
(81)

Under isentropic flow conditions, dh = vdP :

h1 − h2 = −
∫ P2

P1

vdP =

∫ Pi

P2

vdP −
∫ Pi

P1

vdP =
1

2

(
u2

2 − u2
1

)
(82)

where Pi the maximum reduced PvT model pressure. For liquid systems with constant liquid

density, this boundary condition reduces to:

P1 +
1

2
ρu2

1 = P2 +
1

2
ρu2

2 (83)

If flow boundary 1 is a vessel where u1 = 0, then:

P1 = P2 +
1

2
ρu2

2 (84)

Equations 57 and 58 can be differentiated with respect to pressure for use in integration calculations
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14 CASE STUDIES FOR NOZZLE FLOW 22

for pipe flow:

∂vm

∂P
= −voab

P

(
Po

P

)b

(85)

∂ρm

∂P
=

ρ2
m

ρo

ab

P

(
Po

P

)b

= −ρ2
m

∂vm

∂P
(86)

∂Tm

∂P
=

Toa
′

b
′

P

(
P

Po

)b
′

(87)

14 Case Studies for Nozzle Flow

The final conditions for nozzle flow are usually determined using an isentropic thermodynamic

flow path. The final pressure, temperature, phase, and composition are those at which mass flow is

maximized [11, 8].

Figure 3 illustrates the nozzle isentropic thermodynamic flow path for the mixture of ethylene

and butyl acrylate at different starting temperatures and 2000 psig. As the starting temperature is

decreased the choke point phase of maximum flow shifts from vapor, to two phase, and then to

saturated liquid. Note that at the 50 C starting condition the flow path goes through the critical

point and ends up close to the bubble point boundary in the two phase region. We also note that the

final choking temperature for highly subcooled liquid flow is very close to the value of the starting

temperature since the liquid is only slightly compressible.

As the flow expands from the choke point to lower pressures, it is possible to cross the phase

boundaries if the pressure is low enough. If the flow is expanding into a pipe with a larger flow

area, it is possible to cross the phase boundaries and to have multiple chokes downstream of the

first choke. For choked (sonic) flow, the flow is always regulated by the first choke. However,

subsequent chokes typically occurring at area changes such as sudden expansions in the discharge

piping, can reduce the capacity of a pressure relief valve due to the increase of backpressure.

If we increase the starting pressure to 30,000 psig for the ethylene-butyl acrylate mixture we notice

that these starting conditions are well above the inversion curve for the mixture. An inversion curve

represents the zero limit of the Joule-Thompson (JT) coefficient. At points above the inversion

curve, a negative JT coefficient indicates that as the pressure is decreased the temperature should

increase, while a positive JT coefficient indicates the opposite. It is a very good practice to establish

an inversion curve for high pressure systems before attempting flow estimates.

This JT coefficient is expressed in terms of the change of temperature with respect to pressure at

constant enthalpy, µH . At high pressures, negative values of µH indicate an increase in temperature

for a constant enthalpy pressure drop. At low pressures, positive values of µH indicate a decrease
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14 CASE STUDIES FOR NOZZLE FLOW 23

Figure 3: Isentropic nozzle flow for an ethylene-butyl acrylate mixture at 2000 psig

Source: SuperChems Expert

in temperature for a constant enthalpy pressure drop.

µH =

(
∂T

∂P

)

H

= − 1

Cp

(
∂H

∂P

)

T

=
RgT

2

PCp

(
∂Z

∂T

)

P

=
1

Cp

[

T

(
∂V

∂T

)

P

− V

]

(88)

=
1

ρCp
(βT − 1) (89)

where Cp is the molar real fluid heat capacity at constant pressure, V is the molar volume, and H is

the molar enthalpy. Equation 89 can be used to construct a complete inversion curve, a curve that

represents the locus of all the zero values of the Joule-Thompson coefficient. Figure 4 displays

an inversion curve calculated by SuperChems ExpertTM (a component of Process Safety Office R© )

using the Melhem modification of the Peng-Robinson equation of state [14, 15] for hydrogen.

Hydrogen is depressured using both an isenthalpic and an isentropic thermodynamics paths from

1500 psig and 100 C to the flow choke point. As shown in Figure 4, the isenthalpic path heats

up to 100.6 C while the isentropic path cools down to 34.7 C. For an ideal gas, β = 1/T and

the Joule-Thompson coefficient is equal to 0. At critical conditions, it can be shown that µH will

approach:

µH →
(
∂T

∂P

)

ρ

=
κT

β
(90)
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The inversion curve represents a severe test of the performance of an equation of state. Figure 5

Figure 4: Calculated inversion curve for hydrogen

Source: SuperChems Expert

illustrates the impact of JT on the final temperature reached at choking conditions. For example,

the temperature only drops from 200 C to approximately 140 C despite a pressure drop from

30000 psig to 9300 psig. This is attributed to the selected thermodynamic path for flow illustrated

in Figure 5 which is isentropic for an ideal nozzle and not isenthalpic.

15 Case Studies for Pipe Flow

Unlike nozzle flow, the final conditions for pipe flow are determined by conserving stagnation

enthalpy. The final pressure, temperature, phase, and composition are those at which the maximum

possible flow can traverse the entire pipe and still reach the choke point at exactly the end of the

pipe and/or the flow limiting element. In relief systems applications, choking typically occurs at the

nozzle of a pressure relief valve, a control valve, or at a change of flow area in the piping system.

Multiple chokes are possible if the starting pressure is high enough. For many applications, phase

change will occur after the pressure expansion following the choke location.

For relief systems piping consisting of pipe segments and a pressure relief valve and/or a control

valve, the flow through these devices is still established using isentropic flow because choking

typically will occur at the valve nozzle. However, the approach velocity to the nozzle has to
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Figure 5: Isentropic nozzle flow for an ethylene-butyl acrylate mixture at 5000, 10000, and 30000

psig

Source: SuperChems Expert

be accounted for when calculating stagnation enthalpy via an isentropic flow path. The piping

flow solvers will try to push as much mass flow as possible through the relief systems piping,

i.e. maximize flow that is possible through the piping. If the flow is choked at the relief device or

control valve, the choke point is established iteratively until the maximum mass flow rate requested

by the pipe solvers matches the one established by the nozzle solvers. This method is the method

of choice where multiple chokes are possible [16].

We consider the flow of pure ethylene from a relief line with a short 1 m inlet line (3 inch), a 10

m discharge line (4 inch), and a 3K4 pressure relief valve. The starting conditions are 100 barg

and 10 ◦C. As illustrated in Figure 6 the flow chokes at the two phase boundary since the starting

temperature was slightly above the critical temperature of ethylene. We notice the small pressure

drop in the inlet line, followed by choking at the phase boundary, and then flashing after the choke

discontinuity. We note that this flow is choked at the nozzle and the exit of the discharge line.

Also shown in Figure 6 is the vapor quality as a function of piping axial distance. All vapor flow

is present in the inlet line, followed by liquid at the choke point, and a twophase mixture in the

discharge line. The final exit conditions at the end of the discharge are choked at -32 ◦C, 17.25

barg, and a mass vapor quality of 37 %.
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Figure 6: Pressure profile for relief systems piping with starting ethylene conditions at 100 barg

and 10 C

Source: SuperChems Expert

16 Non-equilibrium Nozzle Flow

Current twophase flow methods, such as homogeneous equilibrium flow methods (HEM), can

underestimate the flow rate and oversize the relief device, in some instances significantly. The

problem is amplified when a larger relief device is installed and the downstream equipment for

separation, flaring, and/or vent containment receive much higher flow rates than they were designed

for. Oversizing the relief devices can be risky and not knowing the right flow rate can be detrimental

to downstream safety systems with a larger device.

Although non-equilibrium flow is well researched, the literature published so far does not provide

clear and practical reliable methods for the calculation of non-equilibrium flow for single compo-

nents or mixtures. We can demonstrate how Equation 4 can also be used for the calculation of

non-equilibrium flow.

It has been shown by Fletcher [17, 18] that a length of pipe (or nozzle) of 100 mm ('4 inches) is

necessary and sufficient to establish equilibrium twophase flow independent of the pipe diameter

size. This is also verified by other researchers as shown in Table 3.

Non-equilibrium flow is primarily caused by not having enough residence time to enable nucle-

ation and bubble growth to occur in the flowing liquid. As the pressure drops, and with sufficient

residence time, the liquid flashes to vapor and as a result twophase flow occurs where both liquid
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Table 3: Required flow distance for equilibrium twophase flow

Diameter Pipe length

Author/reference (mm) Length/Diameter (mm)

Fauske [19] 6.35 16 100

Uchida [20] 4 25 100

Ogasawara [21] 10 10 100

Sozzi [22] 12.7 10 127

Van den Akker et al. [23] 4 22 90

Fletcher [17] 3.2 33 105

and vapor flow simultaneously.

For saturated liquids flowing out of nozzles and/or pipes where sufficient residence time is not

available to achieve thermodynamic equilibrium, i.e. pipe length which is less than 100 mm,

non-equilibrium effects become important in determining the mass flux or mass flow rate. As the

available flow length approaches zero, the flow will approach all liquid nozzle or Equation 34 type

flow. Equilibrium flow is established at lengths greater than 100 mm.

Figure 7: Freon-11 twophase mass flux as a function of L/D

Fauske [24] proposed the following simple equation for estimating twophase mass flux where non-
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equilibrium effects are important:

Ge =
λ

vv − vl

√

1

Ncp,lTo

(91)

where λ is the latent heat of vaporization per unit mass, v is the specific volume, cp,l is the liquid

specific heat, To is the initial or starting temperature, and N is a non-equilibrium parameter given

by:

N = 10L +
λ2

2∆PC2
dTocp,l(vv − vl)2ρl

(92)

whereL is the pipe length in meters and ∆P is the total available pressure drop in Pascals. Figure 7

shows excellent agreement between Equation 91 and experimental data involving Freon-11.

Equation 91 will reduce to Equation 34 type flow at L = 0. Fauske [24] also approximates twophase

flow for subcooled storage conditions by assuming that the choked exit pressure is equal to the

saturation pressure at the storage temperature using an Equation 34 flow type equation:

Ge =
√

2ρo,l [Po − Po,sat] (93)

Equation 91 reduces to the equilibrium expression for L = 0.1 m. Fauske [24] reports the following

equation for estimating homogeneous equilibrium twophase mass flux:

Ge =
λ

vv − vl

√

1

cp,lTo
(94)

We use a simple case of ammonia flow to compare the various predictions of Fauske’s equations for

twophase mass flux described above. The liquid density of ammonia at 297.15 K is 603 kg/m3, the

saturation pressure is 970000 Pa, the latent heat of vaporization is 19900000 J/kmol/K, the liquid

heat capacity is 82100 J/kmol/K.

Using the ideal gas law we calculate the vapor density of ammonia at the storage conditions:

ρv =
PsatMw

RgT0
=

(9.7 × 105)(17)

(8314)(297.15)
= 6.67 kg/m3 (95)

The saturated storage homogeneous twophase mass flux is calculated using Equation 94 using a

discharge coefficient of 1:

Ge =
1.99 × 107

17 [1/6.67 − 1/603]

√

17

(82100)(297.15)
= 6590 kg/m2/s (96)
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For subcooled storage using a pressure of 1.1 saturation value, Equation 93 is used to estimate the

mass flux using a discharge coefficient of 1:

Ge =
√

2(603)(9.7 × 105)
√

0.1 = 34202
√

0.1 = 10815 kg/m2/s (97)

At 1.05 times the saturation value, the mass flux is:

Ge = 34202
√

0.05 = 7647 kg/m2/s (98)

Darby [25] proposed an adjustment to the vapor quality as a function of nozzle flow length:

x = xo + (xe − xo)
L

Lequilibrium

(99)

where x is the local vapor quality adjusted for non-equilibrium, xo is the initial quality entering the

nozzle, xe is the local vapor quality assuming thermodynamic equilibrium, L is the nozzle length,

and Lequilibrium is the nozzle flow length required to achieve equilibrium, typically 100 mm.

Diener and Schmidt [26] (also see ISO 4126-10 [9]) proposed the use of a boiling delay factor N
to account for the effects of non-equilibrium:

dx

dP
= N

dxe

dP
where N ' [xe(Pcrit)]

a
(100)

Where N tends to a value of 1 at equilibrium and tends to 0 for non-flashing (frozen) flow. The

parameter a is an empirical constant with a value that is less 1. Numerous other methods [27]

have also appeared in the literature where the boiling delay factor was incorporated into the omega

method as well as other nozzle flow calculations methods. These methods are all empirical in

nature and at best semi-empirical.

Burnell’s method remains the preferred method because of its fundamental underpinnings and its

applicability to mixture as well as pure components.

17 Case Studies for Non-Equilibrium Flow

We provide several practical examples using SuperChems Expert illustrating visually how and

why non-equilibrium and RPC flows occur. ioMosaic’s SuperChems Expert software is used to

model multicomponent non-equilibrium flow and to illustrate how mixture composition influences

non-equilibrium flow rates. SuperChems Expert includes detailed steady state and dynamic imple-

mentations of nozzle (see Equations 4 and 33) and pipe flow methods.

We illustrate important non-equilibrium concepts using a mixture of C2 (ethane, 30 % by weight)

and C7 (heptane, 70 % by weight). A subcooled liquid mixture of C2/C7 flows through an ideal

nozzle from a reservoir with stagnation conditions of 40 C and 60 barg. If flow occurs such that
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Figure 8: Initially subcooled C2/C7 flow

Source: SuperChems Expert

thermal and mechanical equilibrium conditions are achieved, i.e. where there is enough time for

flashing to take place, choking conditions will occur at the phase boundary as shown in Figure 8.

As a result, the liquid mass flux can be accurately calculated using an Equation 34 type flow:

Ge =
√

2ρo (Po − Psat + ρ2
ou

2
o) (101)

where Po is the initial stagnation pressure, To is the initial stagnation temperature, and Psat is the

bubble point pressure or saturation pressure at the isentropic flow temperature Tb. We note that

for liquids, the value of Tb will be approximately equal to To, even where the pressure difference

between Po and Psat is large.

The mass flux is calculated for ideal nozzle flow by selecting isentropic end conditions (pressure,

temperature, and quality) that maximize flow. This is illustrated graphically in Figure 9. We

note the clear change in slope of the mass flux vs. backpressure curve associated with the choke

conditions at the phase boundary.

If non-equilibrium effects dominate, i.e. the flow does not have enough time for flashing to occur,

the choke point can occur at a lower pressure than the bubble point pressure. This occurs inside

the twophase boundary but without flashing. In extreme conditions of non-equilibrium (where the

rate of pressure drop is very high), this pressure can reach the thermodynamic stability limit at

which spontaneous generation of vapor has to occur regardless of whether there is enough time for

bubbles to form or not.
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Figure 9: Initially subcooled C2/C7 flow mass flux vs. backpressure

Source: SuperChems Expert

The Equation 34 type flow driving pressure in this case becomes larger and more flow is realized.

Non-equilibrium flow becomes less important as the initial temperature gets closer to the critical

point. The thermodynamic stability pressure limit is equal to the critical pressure at the critical

point. The maximum possible driving pressure for Equation 34 type flow gets smaller as the initial

subcooled liquid temperature gets closer to the critical temperature.

Burnell [28] used a bubble delay factor, C , to approximate the impact of non-equilibrium on mass

flux by modifying the standard Equation 34 type flow equation:

Ge =
√

2ρo [Po − (1 − C)Psat] + ρ2
ou

2
o (102)

where C is directly related to the bubble growth delay time and typically ranges from 0.2 to 0.3.

The magnitude of C determines the pressure undershoot at the choke point/exit due to the su-

perheating of the liquid. C tends to 0 as the starting initial temperature approaches the critical

temperature. Depending on the flow conditions, C can also depend on the length of pipe and initial

vapor quality. For pipe flow, it has long been recognized that a pipe flow length of approximately 4

inches [18] is required for equilibrium twophase flow to develop, C = 0. Non-equilibrium is most

important for nozzle flow (pressure relief valve flow) and for short piping. The above equation can

be corrected to reflect the impact of friction on nozzle flow:

Ge =

√

2ρo [Po − (1 − C)Psat] + ρ2
ou

2
o

1 + 4f l
d

(103)

where f is the Fanning friction factor and l/d is the length to diameter ratio of the nozzle and/or
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piping. More information about non-equilibrium flow and retrograde and phase change flow can

be found in references [11, 8].

If we use a non-equilibrium correction factor of C = 0.27 for the C2/C7 example and allow

non-equilibrium effects for the ideal nozzle mass flux calculation, we obtain the results shown

in Figure 10. Figure 10 also shows an all liquid solution starting at -80 C, an all vapor solution

starting at 250 C, and a twophase solution starting at 160 C and 21 % vapor mass fraction in

order to contrast and compare typical shapes of mass flux vs. backpressure for liquid, vapor,

twophase, and subcooled liquid flows. For all vapor and twophase flashing flow, the correct values

of choke pressure and choke temperature are strongly dependent on the numerical accuracy of the

calculations and vapor quality. Small deviations in mass flux at the maximum point can lead to

large deviations in choke pressure.

The isentropic flow path is shown in Figure 11 along with the thermodynamic stability limit. The

calculation of thermodynamic stability limits for vapor and liquid is complex for mixtures and

requires an equation of state. In the case of a pure component, an equation of state is still re-

quired. However, the thermodynamic stability limit can be approximated with reasonable accu-

racy as shown in Figure 12. For a pure component, the stability limit temperature at atmospheric

pressure is approximately equal to:

Tsl ' 0.92Tc (104)

where Tc is the critical temperature in Kelvins. If the stagnation temperature To of a subcooled

liquid pure component is greater or equal to Tsl then the choke pressure Psat must be greater or

equal to Psl:

Psat ≥ Psl ≥ Patm + (Pc − Patm)

[
T
Tc

− 0.92

0.08

]

where Tsl ≤ T ≤ Tc (105)

Typical Values of C

Numerous publications report values of C for water flow. Reference [29] recommends a value of

C as a function of water saturation pressure as shown in Figure 13. The value of C decreases as

the the saturation pressure of water increases, i.e. at higher initial stagnation temperatures for the

subcooled liquid water. The entire data set is well below the thermodynamic stability limit shown

in Figure 12.

More recently, reference [30] recommended similar values for C for water as a function of a

dimensionless subcooled temperature number as shown in Table 4.

Sallet [31] correlated C for water with surface tension as a function of temperature as originally

suggested by Burnell [28]. Burnell considered a vapor bubble of radius r at the throat of the nozzle

(P = Psat) where the pressure is Psat(To) inside the bubble because the flow is so rapid that the

liquid is still at To when the liquid reached the throat:

Psat(To) − Psat =
2σ

r
(106)
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Figure 10: Initially subcooled C2/C7 flow mass flux vs. backpressure, C = 0.27

Source: SuperChems Expert

or

C = 1 − Psat

Psat(To)
=

2σ

rPsat(To)
(107)

where σ is the surface tension of water. Burnell [28] notes that the product rPsat(To) is constant

over a large pressure range. As a result, if an actual value of C exists for water at one temperature,

one can estimate the C value at a different temperature by using the ratio of the surface tension at

those different temperatures:

Co = Cref
σ(To)

σ(Tref)
(108)

In theory, we should be able to apply this equation to any fluid where one C value is measured and

where surface tension data is available as a function of temperature.

Chemical and mixture specific values of C can be estimated using the modified Lienhard correla-

tion discussed in Melhem [32].

18 Understanding Burnell’s C Parameter

Rapid depressuring of a vessel containing saturated liquid can lead to non-equilibrium flow fol-

lowed by explosive boiling of the liquid contents. Depressuring can be attributed to flow and/or
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Figure 11: Initially subcooled C2/C7 flow using C = 0.27

Source: SuperChems Expert

expansion. The same phenomenon, i.e. explosive boiling of liquids, can be induced by rapid

heating of the liquid and is sometimes referred to as a rapid phase transition.

As shown to the right for vessel depressuring,

the pressure can drop below the saturation point

following rapid depressuring. The rate of pressure

drop, Σ, influences this pressure undershoot which

in turn influences the superheat available for bubble

nucleation and growth. A large depressuring rate can

lead to a large undershoot and thus a large bubble

nucleation and growth superheat.

The pressure will recover when the pressure

rise caused by bubble generation is equal to the rate

of imposed pressure drop at flashing inception. If the

rate of pressure drop is large enough, a metastable

liquid can form upon depressuring.

A sharp pressure rise caused by homogeneous (spontaneous) and/or heterogeneous bubble gener-

ation follows [33, 34, 35, 36]. Heterogeneous nucleation occurs more frequently in flashing flow

than homogeneous nucleation. Heterogeneous nucleation is more likely for dirty fluids with sus-

pended impurities, fluids with dissolved gases, and where vessel and piping walls have rough flow

surfaces leading to imperfect wetting. Virtually all liquids contain some dissolved gases. The pres-
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Figure 12: Thermodynamic stability limit for water

Source: SuperChems Expert

ence of dissolved gas cause the pressure in the bubble to increase totaling the partial pressure of

the gas and saturation pressure of the vapor. As a result, the bubble can grow at liquid pressures

greater than the vapor pressure.

One should note that rapid depressuring or rapid heating/cooling can render heterogeneous bubble

nucleation sites inactive. As the initial temperature/pressure approach critical conditions, depres-

suring rates required to cause a metastable liquid to form become smaller. Figure 14 illustrates how

the flashing process for water can be influenced by rapid pressure drop or rapid heating leading to

heterogeneous and/or homogeneous bubble nucleation and growth.

Under a near isothermal pressure drop such as is experienced typically during an isentropic expan-

sion of a subcooled liquid (see path A to B in Figure 14), the pressure drops below the saturation

pressure, and at Σ = 0.01 Matm/s, flashing will occur at a pressure below but near the satura-

tion pressure. At Σ = 1.8 Matm/s, flashing will occur at a pressure below saturation but near

the thermodynamic stability limit. At extremely large values of Σ, flashing will have to occur at

the thermodynamic stability limit. Lower values of the undershoot pressure drive more flow for

subcooled liquids which is why non-equilibrium liquid flow occurs and is important for pressure

relief and vent containment design and evaluation (also see [37]).

The pressure undershoot for water can be estimated from a correlation developed by Lienhard [38,
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Figure 13: Recommended Burnell C value for water [29]

39]:

ψ = 0.1058
[
1 + 14Σ0.8

]
(
T

Tc

)28.46

(109)

Gb =
Wcr

kBT
=

16πσ3ψ

3kBT
[

1 − ρg,sat

ρl,sat

]2

[Psat − Pundershoot]
2

= 28.2 (110)

∆P = Psat − Pundershoot

=

(√

0.1058 × 16π

3 × 28.2

)

︸ ︷︷ ︸

0.250

(
σ3/2

√
kBTc

)






(
T
Tc

)13.73

[1 + 14Σ0.8]
1/2

[

1 − ρg,sat

ρl,sat

]




 (111)

where ψ is Lienhard’s heterogeneity factor regressed from measured data, Wcr is the net work

required to form a bubble having a critical size from classic homogeneous bubble nucleation theory,

kBT is the kinetic energy of the molecules, Gb is the Gibbs number, ∆P is in Pa, T is the initial

temperature in Kelvin, kB = 1.380649×10−23 J/K is Boltzmann’s constant, σ is the liquid surface

tension at T in N/m, Σ is the rate of pressure drop in Matm/s (Mega atmosphere/second), ρg,sat

and ρl,sat are the mass density of vapor and liquid at equilibrium in kg/m3, and Tc is the critical

temperature in Kelvin. The correlation was developed for:

0.62 ≤ T

Tc

≤ 0.935 (112)

0.005 ≤ Σ ≤ 1.8 (113)

Equation 111 should not be used for lower depressuring rates without changing the equation con-

stants. The rate of pressure drop can include both the contributions of transient vessel blowdown
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Table 4: Recommended C values for water [30]

Cf = 1 −C

∆T ∗
sub = Tsat(Po)−To

Tsat(Po)−20
where T is in degrees C, Po is the stagnation pressure, and To is the stagnation

temperature.

and flow acceleration leading to additional pressure drop in nozzles and/or piping [41]:

Σ =

[
∂P

∂t

]

z
︸ ︷︷ ︸

Vessel

+ u

[
∂P

∂z

]

t
︸ ︷︷ ︸

Nozzle and/or Piping

(114)

u

[
∂P

∂z

]

t
︸ ︷︷ ︸

Nozzle

' ṁ3

ρ2A4
noz

dAnoz

dz
=
G3

ρ2

d [lnAnoz]

dz
(115)

where P is the static pressure, z is the flow path length or axial distance, t is time, u is the flow

velocity,Anoz is the nozzle minimum flow area,G is the mass flux, ṁ is the mass flow rate, and ρ is

the mass density. Note that Σ is in Matm/s. Flashing inception in nozzles or other flow geometries

with restrictions causing flow acceleration will always occur at the throat or plane of minimum

flow area. Turbulence may also be generated where flashing occurs. Equation 115 can be used

based on the maximum value of dAnoz/dz for converging nozzles.

For flow through nozzles and/or piping, the undershoot pressure, Pundershoot, can be used to approx-

imate Burnell’s [28] constant C:

C = 1 − Pundershoot

Psat

(116)
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Figure 14: Flashing inception following a rapid pressure drop for water

Source: SuperChems Expert

Pundershoot cannot be less than the limit of mechanical/thermodynamic stability often referred to as

the homogeneous nucleation limit or superheat limit. For a pure component that limit is established

at:

∂P

∂V
|T,N = 0 (117)

where V is the fluid volume. For a multicomponent mixture, the limit can still be calculated from

an equation of state [14] by setting the determinant of the mixture partial molar chemical potential

µ to zero:

det










∂µ0

∂N0

∂µ0

∂N1
..... ∂µ0

∂Nn−1

..... ..... ..... .....

..... ..... ..... .....
∂µn−1

∂N0

∂µn−1

∂N1
..... ∂µn−1

∂Nn−1










= 0

where Ni is the number of moles of chemical i and n is the total number of chemicals in the

mixture.

Concepts pertaining to the thermodynamic stability limits for pure components and mixtures were

discussed with emphasis on non-equilibrium and subcooled liquid flows. Both heterogeneous and

homogeneous nucleation are thought to be important for non-equilibrium flow. We demonstrated

that subcooled liquid flow pressure differential must be bound between P −Psat and P −Pundershoot,
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Figure 15: Rapid heating leading to a superheat limit rapid phase transition for an LNG mix-

ture [40]

and that Pundershoot cannot be less than the thermodynamic stability limit. The rate of pressure

drop Σ required to cause non-equilibrium flow gets smaller as the flow pressure and temperature

conditions tend towards the critical point.

19 Generalized Burnell’s C Parameter Values

Equation 111 can be extended to other chemicals and mixtures [42, 43] if we assume that Lien-

hard’s heterogeneity correction ψ which depends on reduced temperature applies equally to other

chemicals and mixtures. However, the Gibbs number [44], Gb, has to be scaled relative to water:

Gb ' Gb,w
︸︷︷︸

28.2

[
σ

σw

]3 [
Tc,w

Tc

] [
Psat,w − 1

Psat − 1

]2
[

1 − ρv,w

ρl,w

1 − ρv

ρl

]2

(118)

Where Psat is the saturation or bubble point pressure in bara and ρ is the mass density in kg/m3

evaluated at a saturation temperature equal to 0.9 times the critical temperature. The surface tension

ratio is not very sensitive to temperature and is evaluated at 298.15 K or the normal boiling point.

Figure 16 shows a nucleation diagram for Acrylonitrile using Equation 118 yielding Gb = 49.32.

The scaling proposed in this paper is consistent with the compilation of measured homogeneous

nucleation limits for 90 pure substances and 28 mixtures [45].
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Figure 16: The superheat and nucleation limits for pure acrylonitrile

Source: SuperChems Expert

The nucleation limits shown in Figure 16 can be used to calculate Burnell’s C constant from Equa-

tion 116 at different pressures as shown in Figure 17.

Nucleation limits are shown in Figure 18 for a 50/50 by weight mixture of ethane-butane as calcu-

lated by SuperChems Expert . In order for the scaling to work properly for mixtures, the scaling

vapor properties must be obtained at the vapor mole fractions in equilibrium with the liquid mole

fractions at the bubble point.

20 Guidance for Using SuperChems Expert

Versions 8.20 and higher of SuperChems Expert include options for solving flow applications

where RPC flow is possible. The “Set Global Limits” option includes choices for checking the

phase boundaries during flow and for the selection of nozzle flow integration methods. This option

is most effective in conjunction with the selection of vdP integration for nozzle flow. The option

for checking phase boundaries should not be enabled when flow maps are being used for flare

systems calculations with the ideal gas behavior option.

The user should always establish a phase envelope or a saturation curve before attempting any flow

calculations. Inversion curves can be associated with streams in SuperChems Expert and are very

useful for high pressure applications.

Although the SuperChems Expert pipe flow and nozzle flow modules allow the user to specify

the starting phase of flow, it is highly recommended to allow the module to determine the starting
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Figure 17: Burnell’s C constant for pure acrylonitrile

Source: SuperChems Expert

phase by selecting the “Determine Flow Phase” option. Care must be exercised when dealing with

pure components where the starting temperature is very close to the saturation point due to small

deviations of the vapor pressure equations used. In these cases, a better approach is to specify

the pressure and starting vapor fraction and to let the code select the coincident temperature. Use

of the ideal nozzle or stream flow options in conjunction with flashing of the choke point (by

conserving stagnation enthalpy) to ambient or user imposed back pressure will help the user select

the appropriate pipe flow module.

When the phase boundary check options are enabled, the single phase piping and nozzle flow

modules will detect phase change and issue an error or warning message to the user recommending

the use of the twophase pipe flow module.

21 Conclusions

The omega method can be used for single component flow estimates within the proposed limits

by ISO 4126-10 [9]. However, the omega method should not be used for multicomponent systems

and/or reaction systems unless the omega parameter is regressed from reliable flash calculations

that consider retrograde and phase change at a sufficient number of pressure points. As a result,

one has to question the usefulness of the omega method since the generation of multiple flash

points can easily be used to develop a numerical vdP integral instead with many less limitations

and without introducing additional regression errors.

Direct vdP integration should be the method of choice for nozzle flow because of its wide appli-
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Figure 18: The superheat and nucleation limits for a 50/50 by weight mixture of ethane-butane

Source: SuperChems Expert

cability and simplicity. The ∆h method should be the method of choice for all gas flow without

phase change because of its simplicity, accuracy, and speed. Critical to the success of nozzle flow

methods is the ability of the software performing the flash calculations to resolve the retrograde and

phase change that occurs during the flash calculations. These features are seamlessly integrated in

all of the SuperChems Expert robust flow methods.

Non-equilibrium and RPC flow considerations are especially important for emergency relief and

flare systems design and evaluations. Improper calculation of non-equilibrium and/or RPC flow

rates, especially for subcooled liquid flows near the twophase boundary, can result in significantly

undersized or oversized pressure relief devices.
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A Useful Definitions

Void Fraction:

This is defined as the ratio of flow cross sectional area occupied by the vapor or gas to the total

cross sectional area, AT = Av + Al:

α =
Av

AT
(119)

Slip Velocity:

When dealing with flows involving two phases which differ in density and/or viscosity, the phase

that is less dense tends to flow at a higher velocity than the other. The difference between the

individual phase velocities is referred to as the slip velocity:

uvl = uv − ul (120)

Slip Ratio:

This is defined as the ratio of the vapor to the liquid velocity and is also referred to as hold-up ratio:

ur =
uv

ul
(121)

Superficial Velocity:

For a given phase, this is defined as the velocity of the phase as if it is occupying the entire flow

cross sectional area. The liquid superficial velocity is then:

usl =
ulAl

AT
= ul (1 − α) (122)

and the vapor superficial velocity is:

usv =
uvAv

AT
= uvα (123)

Mass Flux:

This is defined as the product of mass and velocity:

G = ρu (124)

Isentropic Flash Fraction:
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This is also referred to as the isentropic vapor quality which we define as the vapor fraction at the

end state following a constant entropy process:

xs =
so − se,l

se,v − se,l
(125)

Isenthalpic Flash Fraction:

This is also referred to as the isenthalpic vapor quality which we define as the vapor fraction at the

end state following a constant enthalpy process:

xh =
ho − he,l

he,v − he,l
(126)

Vapor Quality:

This is defined as the ratio of vapor mass flow to total mass flow or vapor mass fraction:

x =
GvAv

GvAv +GlAl
=

1

1 +
[

ρlul(1−α)
ρvuvα

] (127)
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How can we help?

Please visit www.iomosaic.com and www.iokinetic.com to preview numerous publica-

tions on process safety management, chemical reactivity and dust hazards characterization, safety

moments, video papers, software solutions, and online training.

In addition to our deep experience

in process safety management (PSM)

and the conduct of large-scale site

wide relief systems evaluations by

both static and dynamic methods, we

understand the many non-technical

and subtle aspects of regulatory com-

pliance and legal requirements. When

you work with ioMosaic you have a

trusted ISO certified partner that you

can rely on for assistance and support

with the lifecycle costs of relief sys-

tems to achieve optimal risk reduction

and PSM compliance that you can ev-

ergreen. We invite you to connect the

dots with ioMosaic.

We also offer laboratory testing services through ioKinetic for the characterization of chemical re-

activity and dust/flammability hazards. ioKinetic is an ISO accredited, ultramodern testing facility

that can assist in minimizing operational risks. Our experienced professionals will help you define

what you need, conduct the testing, interpret the data, and conduct detailed analysis. All with the

goal of helping you identify your hazards, define and control your risk.
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